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Steffensen [ 1 ] proved the following result: Assume that two integrable 
functions f(t) and g(t) are defined on the interval [a, b], that f(t) never 
increases, and that 0 <g(t) < 1 in [Q, 61. Then 
Using the substitution g(t) = LG(t)/(f: G(t) dt, we have the following 
modification of the Steffensen result: Assume that two integrable functions 
f(t) and G(t) are defined on the interval [a, b], thatf(t) never increases, and 
that 
0 < dG(t) <j” G(t) dt (VlE [a,bl), (2) 
n 
where k is a positive number. Then 
This result is an extension of Theorem 2 from [2]. 
If 
’ A= (b-(q-1 (l,” G(x) dx)‘, (4) 
p > 1, and 0 < G(x) < 1 (Vx E [a, b]), then (2) is valid. So, from the second 
inequality in (3), for the nonincreasing function x off, we have 
(jab G(t) dr),-’ 1 f(t)P G(t) dt < (b - a)“-’ ia+‘f(x)” dx. 
a a 
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ONTHE BELLMANGENERALIZATION 
On the other hand, using the Jensen inequality for 
u(x) = xp (p > l), we have 
433 
the convex function 
if dt)' < (j" I dt)'-' jyb ~(t)f(t)p dt. (6) 
From (5) and (6) we obtain the inequality 
1 
(1” G(x)f(x) dx)’ < j;+\s(x)” dx. 
(b-a)“-’ a (7) 
Thus, we have proved 
THEOREM 1. Let F: [a, b] -+ R be a nonnegative nonincreasing function 
and let G: [a, b] + R be an integrable function such that 0 < G(X) < 1 
(Vx E [a, b]). If p > 1, then (7) holds, where 1 is given by (4). 
For a = 0, b = 1, we have Theorem I from [2]. For p E N, we have 
Corallary 9 from [3]. 
Analogously, we can prove: 
THEOREM 2. Let f: [a, b] + R be a nonnegative nonincreasing function 
and let G: [a, b] -+ R be an integrable function such that 
O<G(x) (JObG(t)dt)PP‘< 1 (VxE [a,b]). 
If p > 1, then 
(j” G(x)f (x) dx)’ < i’+‘f (t)” dt, 
a a 
(8) 
whereA= (j:G(t)dt)P. 
Inequality (8) is the well-known Bellman inequality from [4]. For a = 0, 
b = 1 from Theorem 2, we obtain Theorem 1 from [2]. 
REFERENCES 
1. J. F. STEFFENSEN, On certain inequalities between mean values, and their application to 
actuarial problems, Skand. Akfuarietidskr. (19 18), 82-97. 
434 JOSIP E. PEtARk 
2. J. E. PE~ARIC, On the Bellman generalization of Steffensen’s inequality, J. Math. Anal. 
Appl. 88 (1982), 505-507. 
3. J. E. PEEA& A generalization of an inequality of Ky Fan, Univ. Beograd. Publ. 
Elektrotehn. Fak. Ser. Mat. Fir., Nos. 678-715 (1980), 75-84. 
4. R. BELLMAN, On inequalities with alternating signs, Proc. Amer. Math. Sot. 10 (1959), 
807-809. 
